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1 Introduction. 

In this paper we analyze the following problem: to find a non-decreasing 
matrix function M(x) = (^fc,K x ))jU=0> on ^+ = [0>+°°)> ^(0) = 0, which 
is left-continuous on (0, +oo), and such that 

x n dM{x) = S n , n G Z, (1) 

where {S n } ne z is a prescribed sequence of Hermitian (N x N) complex 
matrices (moments), JVgN, This problem is said to be a strong matrix 
Stieltjes moment problem. The problem is said to be determinate if 
it has a unique solution and indeterminate in the opposite case. 
The scalar (N = 1) strong Stieltjes moment problem (in a slightly differ- 
ent setting) was introduced in 1980 by Jones, Thron and Waadeland pQ. 
Necessary and sufficient conditions for the existence of a solution with an 
infinite number of points of increase and for the uniqueness of such a solution 
were established [U Theorem 6.3]. Also necessary and sufficient conditions 
for the existence of a unique solution with a finite number of points of in- 
crease were obtained [1] Theorem 5.2]. The approach of Jones, Thron and 
Waadeland's investigation was made through the study of special continued 
fractions related to the moments. 

In 1995, Njastad described some classes of solutions of the scalar strong 
Stieltjes moment problem [2],[2]- He used properties of some associated 
Laurent polynomials. 

In 1996, Kats and Nudelman obtained necessary and sufficient conditions for 
the existence of a solution of the scalar strong Stieltjes moment problem [4, 
Theorem 1.1]. The degenerate case was studied in full: in this case the 
solution is unique, given explicitly and it has a finite number of points 
of increase. In the non-degenerate case, conditions for the determinacy 
were given and the unique solution was presented. In the (non-degenerate) 
indeterminate case a Nevanlinna-type parameterization for all solutions of 
the scalar strong Stieltjes moment problem was obtained [4, Theorem 4.1]. 
Canonical solutions and Weyl-type lunes were studied, as well. Kats and 
Nudelman used the results of Krein on the semi-infinite string theory. 
Various other results on the scalar strong Stieltjes moment problem can be 
found in papers [5] , [B] , [7] , [8] , [9] (see also References therein). 
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The moment problem ([I]) where the half-axis R+ is replaced by the whole 
axis R is said to be the strong matrix Hamburger moment problem. 

The scalar (N = 1) strong matrix Hamburger moment problem has been 
intensively studied since 1980-th, see a survey [7], a recent paper [10] and 
References therein. For the matrix case, see papers [H],[I2] and papers cited 
there. 

The aim of our present investigation is threefold. Firstly, we obtain 
necessary and sufficient conditions for the solvability of the strong matrix 
Stieltjes moment problem ([IJ). Consider the following block matrices con- 
structed by moments: 



/ S. 



r n — {Si+j) i j = _ n 



( 5_ 



2n 



S—n 



S- 



So 



So \ 



\ Sq • • • S n ... S2n ) 



r n — (S{-\ 



2n+l 



S_ 



n+l 



n+l 



V s 1 .. 

We shall prove that conditions 

r„ > o, f „ > o 



Si 



Sn+l 



Si \ 



SnH 



S2n+1 / 



n £ 



n 



0,1,2, 



(3) 



(4) 



are necessary and sufficient for the solvability of the moment problem (pQ). 

Secondly, we obtain an analytic description of all solutions of the moment 
problem ([T]) . We shall use an abstract operator approach similar to the " pure 
operator" approach of Szokefalvi-Nagy and Koranyi to the Nevanlinna-Pick 
interpolation problem, see |13|.|14j. We shall need some properties of gener- 
alized Il-resolvents of non-negative operators and generalized sc-resolvents 
of Hermitian contractions, established by Krein and Ovcharenko in p~5j,[16 . 
As a by-product, we present a description of generalized Il-resolvents of a 
non-negative operator which does not use improper elements or relations as 
it was done in the original work of Krein |17] and in the paper of Derkach 
and Malamud [18]. Here we adapt some ideas from |19] of Chumakin who 
studied generalized resolvents of isometric operators. 
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Thirdly, we obtain necessary and sufficient conditions for the strong ma- 
trix Stieltjes moment problem to be determinate. 

Notations. As usual, we denote by R, C, N, Z,Z+, the sets of real 
numbers, complex numbers, positive integers, integers and non-negative 
integers, respectively. The space of re-dimensional complex vectors a = 
(ciojffll) . . . ,a n _i), we denote by C n , n G N. If a G C n , then a* means the 
complex conjugate vector. By Fl we denote the space of all complex Laurent 
polynomials, i.e. functions Ylk=a a k xk a, 6 G Z: a < b, a& G C. 
Let M(x) be a left-continuous non-decreasing matrix function M{x) = 
(mk,l( x ))k,r=o on M > M (-°°) = °, and Tw(a;) := J2k=o m k,k( x )> ^( x ) = 
{dmk,i/ (Itm^T^o- By L 2 (M) we denote a set (of classes of equivalence) of 
vector- valued functions / : R — > C , / = (/o, /i, . . . , /jv-i), such that (see, 
e.g., [20]) 

ll/ll^(M) := / /(x)*(x)/*(x)drM(x) < oo. 
The space L 2 (M) is a Hilbert space with a scalar product 

(J,9)i?(M) ■= I f(x)*(x)g*(x)dT M (x), f,g€ L 2 (M). 
Jm 

We denote = (5o t k, 5i,fe, SN-i,k), < k < N — 1, where 5j t k is the 
Kronecker delta. 

If H is a Hilbert space then (-,-)h an d || • \\h mean the scalar product 
and the norm in H , respectively. Indices may be omitted in obvious cases. 
For a linear operator A in H, we denote by D(A) its domain, by R{A) its 
range, by Ker^4 its kernel, and A* means the adjoint operator if it exists. 
If A is invertible then A^ 1 means its inverse. A means the closure of the 
operator, if the operator is closable. If A is self-adjoint, by R Z (A) we denote 
the resolvent of A, z G C\R. If A is bounded then \\A\\ denotes its norm. 
For an arbitrary set of elements {x n } n ^z in H, we denote by Lin{x n } ne z 
and span{x n } ng z the linear span and the closed linear span (in the norm of 
H), respectively. For a set M C H we denote by M the closure of M in the 
norm of H. By Ejj we denote the identity operator in H, i.e. Ehx = x, 
x G H. If H\ is a subspace of H, then Ph 1 = Pjj is an operator of the 
orthogonal projection on Hi in H. By [H] we denote a set of all bounded 
linear operators A in H, D(A) = H. 
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2 The solvability of the strong matrix Stieltjes mo- 
ment problem. 

In this section we are going to establish the following theorem. 

Theorem 1. Let the strong matrix Stieltjes moment problem {T]j with a set 
of moments {S n } n £z be given. The moment problem has a solution if and 
only if conditions ^ are satisfied. 

Proof. Necessity. Let the strong matrix Stieltjes moment problem ([I]) has a 
solution M{x). Choose an arbitrary vector function f{x) = X^fc=-n Tl!j=o fj,kX k Sj, 
fj t k £ C This function belongs to L 2 {M) and 

n N-l 



< I f(x)x s dM(x)f*(x) = Y,fi*h 

k,r=~nj,l=0 



• I x k + r +si jdM (x)et 



n N-l n 

^ fj,k^jSk+r+sfl,r^[ = (/o,&) fl,ki —j /iV-l,fe)5 , fc+H 

k,r=— n j,l=0 



*(/o,r,/l,r, •••,/. 



N-l,r. 



k,r=—n 

vF n v*, S = 

-yr n u*, S = 1 



where f = (fn- n , fi- n , ■-, /jV-l,-m /o,-n+l, /l,-n+l, — ) /jV-l.-n+l) — i 
/o,n> /l.nj /iV-l,n)- Here we make use of the rules for the multiplication 
of block matrices. 

Sufficiency. Let the strong matrix Stieltjes moment problem (pQ) be 
given and conditions dH) be satisfied. Let Sj = (Sj-k,i)^fJ , Sj;k,i G C, 
j G Z. Consider the following infinite block matrix: 



r = (£ 



OO 

i+j )i,j=— oo 



\ 



2d 



5- 



S—n 



So 



So 



Sq 



S n 



S n ■ ■ ■ S2n 



\ 



(5) 



/ 



where the element in the box corresponds to the indices i = j = 0. 

We assume that the left upper entry of the element in the box stands in 

row 0, column 0. Let us numerate rows (columns) in the increasing order to 
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the bottom (respectively to the right). Then we numerate rows (columns) in 
the decreasing order to the top (respectively to the left). Thus, the matrix 
r may be viewed as a numerical matrix: T = ('Jk,i) k < 'i = - O0 , lk,l £ C. Observe 
that the following equalities hold 

7rN+j,tN+n = S r +t-j,n, r,t £ Z, < j, n < N - 1. (6) 
From conditions © it easily follows that 

(7fc,l)fc,Z=-r > 0, (lk+N,l)l,l=-r > 0, VrGZ+. (7) 

The first inequality in the latter relation implies that there exist a Hilbert 
space H and a set of elements {x n }nez in H such that 

(x n ,X m )H = 7n,m, 71, 771 G Z, (8) 

and span{x n } rag z = il, see Lemma in [HI p. 177]. The latter fact is well 
known and goes back to a paper of Gelfand, Naimark [21j . 
By © we get 

la+N,b = 7a,b+N, a,b G Z. (9) 
Set L = Lin{x n } ne z- Choose an arbitrary element x G L. Let x = 
ELm«> x = J2T=-ooPkXk, where a fc ,/3 fc G C. Here only a finite 
number of coefficients a^, f3 k are non-zero. In what follows, this will be as- 
sumed in analogous situations with elements of the linear span. By (E]) , (EJ) 
we may write 

(oo \ oo oo 

a k x k+N ,xij = a k ik+N,i = ^2 a-klk,i+N = 

k=—oo / fc=— oo fc=— oo 

oo / oo \ 

= a k( x k,xi +N ) = ^ a k x k ,xi +N \=(x,xi +N ), I G Z. 

fc=— oo \fc=— oo / 

Similarly we conclude that (X^fcL-oo PkXk+N, %i) = aj/+jv), ^ S Z. Since 

L = H, we get Efcl-oo <*kXk+N = EfcL-oo Pk^k+N- 
Set 

oo oo 

Aqx = y~] a k x k+N , x G L, x = ot k x k , a k G C. (10) 

fc=0 fc=— oo 

The above considerations ensure us that the operator Aq is defined correctly. 
Choose arbitrary elements x,y G L, x = Y^T=-oo a k x ki V = Y,%L-ooPn%n, 
a k ,P n G C, and write 

/ oo oo \ oo 

(A x,y) H = \ ^2 a k x k+N , ^ /3 n x n } = ^ a k j3 n (x k+N , x n ) H = 



H 



k,n=—oo 
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= ^ a kPn{xk,X n+N ) H = \ ^ a k X k , ^ finXn+N J = (x,A y) H . 
k,n=—oo \k=— oo n=—oo 

Moreover, we have 



H 



(AoX,x) H = ^ a kPn{x k+N ,X n ) H = ^ <Xkfinlk+N,n > 0- (H) 
k,n=— oo k,n=— oo 

Thus, the operator Aq is a non-negative symmetric operator in H. Set 
A = Aq. The operator A always has a non- negative self-adjoint extension 
A in a Hilbert space H ^ H \15\ Theorem 7, p. 450] . We may assume 
that Ker A = {0}. In the opposite case, since Ker A _L R(A), R(A) D L, we 
conclude that Ker A _L iT. Therefore the operator .A, restricted to HQKei A, 
also will be a self-adjoint extension of the operator A, with a null kernel. 
Let {-EaIasm be the left-continuous orthogonal resolution of unity of the 
operator A. By the induction argument it is easy to check that 

x rN+j = A r xj, r € Z, < j < N - 1. 

By ©,© we may write 

Sr;j,n — TrAf+j',?! — {.XrN+j > X n )fJ — {A Xj,X n )n — (A Xj,X n )^j 

= [ X r d(E x x j ,x n ) s = [ \ r d(piE xXj ,x n ) , 0<n<N-l. 
Jr+ Jr. v j h 



Therefore we get 



[ X r dM(X), r Gli, (12) 
Jr+ 



where M(A) := E\Xj,x2j ^ . Therefore the matrix function 

M(A) is a solution of the moment problem (prj (From the properties of the 
orthogonal resolution of unity it easily follows that M(A) is left-continuous 
on (0, +oo), non-decreasing and M(0) = 0). 

□ 



3 An analytic description of solutions of the strong 
matrix Stieltjes moment problem. 

Let A be an arbitrary closed Hermitian operator in a Hilbert space H, 
D{A) C H. Let A be an arbitrary self-adjoint extension of A in a Hilbert 
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space H ^> H. Denote by {£\}AeiR its orthogonal resolution of unity. Recall 
that an operator- valued function H z = R z (A) is said to be a generalized 

resolvent of A, z G C\R. A function Ea = P§E\, A S R, is said to be a 
spectral function of A. There exists a bijective correspondence between 
generalized resolvents and left-continuous (or normalized in some other way) 
spectral functions established by the following relation ([22]): 

(R z f,g) H = [ -J_d(E A /,<7) H , f,g€H, z G C\M. (13) 

If the operator A is densely defined symmetric and non-negative (A > 0), 
and the extension A is self-adjoint and non-negative, then the correspond- 
ing generalized resolvent R z and the spectral function Ea are said to be a 
generalized H-resolvent and a II-spectral function of A. Relation (fT3"j) 
establishes a bijective correspondence between generalized II-resolvents and 
left-continuous II-spectral functions. 

If the operator A is a Hermitian contraction (||j4|| < 1), and the extension 
A is a self-adjoint contraction, then the corresponding generalized resolvent 
R 2 and the spectral function E^ are said to be a generalized sc-resolvent 
and a sc-spectral function of A. Relation (|13p establishes a bijective corre- 
spondence between generalized sc-resolvents and left-continuous sc-spectral 
functions, as well. 

If a generalized Il-resolvent (a generalized sc-resolvent) is generated by 
an extension inside H, i.e. H = H, then it is said to be a canonical 
H-resolvent (respectively a canonical sc-resolvent). 

Firstly, we shall obtain a description of solutions of the strong matrix 
Stieltjes moment problem by virtue of II-spectral functions. 

Theorem 2. Let the strong matrix Stieltjes moment problem (Op be given 
and condition 0) be satisfied. Suppose that the operator A = Aq in a Hilbert 
space H is constructed for the moment problem by i f 10\) and the preceding 
procedure. All solutions of the moment problem have the following form 

M(A) = {m k A X ))kJ=o> rn kJ (X) = (B x x k ,x j ) H , (14) 

where E^ is a left- continuous Tl-spectral function of the operator A. On 
the other hand, each left- continuous U-spectral function of the operator A 
generates by jj^[ ) a solution of the moment problem. Moreover, the corre- 
spondence between all left- continuous Tl-spectral functions of the operator A 
and all solutions of the moment problem is bijective. 
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Proof. Let Ea be an arbitrary II-spectral function of the operator A. It 
corresponds to a self-adjoint operator A ID A in a Hilbert space H ^ H. 
Then we repeat considerations after (jlip to obtain that M(A), given by (|14p . 
is a solution of the moment problem (pQ) . 

Let M(cc) = (fnk,l{z))k T=o ^ e an arbitrary solution of the moment prob- 
lem (pQ). Consider the space L 2 (M) and let Q be the operator of multipli- 
cation by an independent variable in L 2 (M). A set (of classes of equiva- 
lence) of functions / G L 2 (M) such that (the corresponding class includes) 

/ = (/o, /i, • • • , /jv-i), / 6 Pl, we denote by P|(M). Set L\{M) := P|(M). 

For an arbitrary vector Laurent polynomial / = (/o, /l, • • • , /iV-l)> /j £ 
Pi, there exists a unique representation of the following form: 

AT-l oo 

= «fcj e C, (15) 

A;=0 j=—oo 

where all but finite number of coefficients a^j are zero. Choose another 
vector Laurent polynomial g with a representation 

AT-l oo 

sO) = E E ^.^v,, A, r g c. (i6) 

1=0 r=— oo 

We may write 

AT-l oo 

(fi9) L 2 { M) = J2 a *jPl,r x 3+r e k dM{x)e f l 

k,l=0j,r=-oo jR + 

N—l oo . AT-l oo 

= ^2^2 ak >ifo,r / X 3+r dm ki i(x) = ^ a kjPl,rSj+r;k,l- (17) 

k,l=0j,r=-oo jR + k,l=0j,r=-oa 

On the other hand, we have 

oo AT-l oo A/-1 \ AT-l oo 

y2 yZ a k,jXjN+k, ^2 Y Pl,rXrN+l = ^ ^ a k,jPl,r 
yj=-oo k=0 r=-oo i=0 y „ k,l=0 j,r=— oo 

AT-l oo AT-l oo 

* (XjN+k , X r N +i)h = (Xk,j/3l,r7jN+k,rN+l = ^ ^ a k,jPl,rSj+ r ;k,l- 

k,l=0 j,r=— oo fc,i=0 j,r=— oo 

(18) 



S 



By (HID,® we get 

oo N—l oo N—l 



. j=-oo fc=0 r=-oo 1=0 



H 



Set 

oo N-l 

V f = Y Y a k,jX jN+k , (20) 
j=— oo k=0 

for a vector Laurent polynomial f(x) = ^2^=^ Yl'jL-oo a k,j x ^k- H /, 5 
are vector Laurent polynomials with representations ()15j) . (|16j) . such that 
||/ - 9\\ L 2(m) = 0, then by flU} we may write 

\\Vf-Vgf H = (V(f-g),V(f-g)) H = (f-g, f-g)^ = II/-5|| 2 L2(F) = 0. 
Thus, V is correctly defined as an operator from P 2 (M) to H. Relation (|19j) 



shows that V is an isometric transformation from P|(M) on L. We extend 
V by continuity to an isometric transformation from L 2 L (M) on H. Observe 
that 

Vx j e k = x jN+k , j G Z; < ft; < JV - 1. (21) 

Let L?(M) := L 2 (M) L 2 L (M), and *7 := V © E^^y The operator C7 is 
an isometric transformation from L 2 (M) on H (B L\{M) =: H. Set 

A:= UQU- 1 . 

The operator A is a self-adjoint operator in H. Let {-Ea}agR he its left- 
continuous orthogonal resolution of unity. Notice that 

UQU~ l x jN+k = VQV~ l x jN+k = VQx J e k = Vx ]+1 e k = x^ j+1)N+k = 

= x jN+k+N = Ax jN+k , j G Z; < k < N - 1. 

By linearity we get: UQU~ 1 x = Ax, x G L, and therefore ADA. Choose 
an arbitrary z G C\R and write 

/ t d(E\x k ,Xj)& = ( [ —^—dE\x k ,Xj) 

JR + A — Z \JR + A — Z J ~ 

V JR+ A - « / L 2 { m) 
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= ([ -t—dU^ExUe^ej) =([ -^—dE x e k ,eA 

= ((Q - z)' 1 ^,^)^^ = J j^-e k dM(X)ej = J -^—dm ktj {\), 

where E x is a left-continuous orthogonal resolution of unity of the operators 
Q. By the Stieltjes-Perron inversion formula (e.g. [23] ) we conclude that 

m k j{\) = {P§E x x k ,x j ) H , AGE. 

Thus, M is generated by a II-spectral function of A. 

Let us check that an arbitrary element u £ L can be represented in the 
following form 

u = u z + u , u z G H z , u G L n , (22) 

where L N := Lin{x n }^~Q, H z := {A - zE H )D(A). Let u = Y^T=-oo c k x k, 
Cfc G C, and choose a number z G C\R. Suppose that c k = 0, if k < r or 
k > R, where r < -2; R > N + 1. Set d k := 0, if k < r or k > R - N. Then 
we set 

4 := -{d k -N ~ Ck), k = r + 1, -1; 
c4_at := zdk + Ck, k = R — 1, R — 2, iV. 
Set t> := Y2k^=-oo dk%k £ Then we directly calculate that 

N-l 

(A - zE H )v - u = (4_ at - - c fc )x fc , 
fc=o 

and relation (j22[) holds. From the latter equality it easily follows that the 
deficiency index of A is equal to (n, n), < n < iV. 

Let us check that different left-continuous II-spectral functions of the 
operator A generate different solutions of the moment problem (pQ). Suppose 
that two different left-continuous II-spectral functions generate the same 
solution of the moment problem. This means that there exist two self-adjoint 
operators Aj D A, in Hilbert spaces Hj D H, such that P^ 1 Ei x ^ P^ 2 E 2jX , 
and 

{P^E liX Xk,Xj) H = {P* 2 E 2jX Xk,x j ) H , 0<k,j<N-l, A G M, 

where {-E^lAeR are orthogonal left-continuous resolutions of unity of op- 
erators A n , n = 1,2. By the linearity we get 

(P^E ljX x,y)H = (P§ 2 E 2)X x,y) H , x,y G L N , A G R. (23) 
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Set R n , A := P£"R x {A n ), n = 1,2. By dM},® we get 

(Ri, A a;,2/)H = (Ra.Attjj/Jff, x,y £ L N , A G C\R. (24) 

Since 

R z (Aj)(A- zE H )x = {A 3 -zE H] )- x {A 3 -zE H] )x = x, x £ L = D(A ), 
then R z {Ai)u = R z (A 2 )u £ H, u£ H z ; 

R M u = K 2 , z u, u£ H z , z £ C\M. (25) 

We may write 

(Rn )je a;, w)h = (-R*(Ai) = (a;, i?«-(Ai)«)ir„ = (x,R„^n)^, 

where x £ Ln, u £ H z , n = 1,2, and therefore 

(Ri >z x,u) H = (R 2 , z x,u) H , x£L n ,u£H z . (26) 

By (j22[) an arbitrary element y £ L can be represented in the following form 
y = yz + y' , Vz £ #z> 2/' e Azv- Using ([24"]) and ([26]) we obtain 

(Ri,«^,2/)h = (Ri,^, + v')h = {^2, z x,y- + y')H = (R-2,zX,y)ii, 

where x £ L^r, y £ L. Since L = H, we obtain 

Ri, z x = R 2 , z x, x G Ljy, 2 G C\R. (27) 

For arbitrary x G L, x = x z + x', x z £ H z , x' £ Ljy, using relations (j25j) . (f271) 
we get 

Ki }Z x = ~Ri )Z (x z + x) = Y{,2,z{x z + x') = R,2,zX, x £ L, z £ C\R, 

and therefore Ri 2 = R2, 2 , z £ C\R. By (|13|) this means that the corre- 
sponding IT-spectral functions coincide. The obtained contradiction com- 
pletes the proof. □ 

We shall use some known important facts about sc-resolvents, see |16| . 
Let B be an arbitrary Hermitian contraction in a Hilbert space H. Set 
D = D(B), 1Z = H Q T>. A set of all self-adjoint contractive extensions 
of B inside H, we denote by Bh(B). A set of all self-adjoint contractive 
extensions of B in a Hilbert space H D H, we denote by B^(B). By 
Krein's theorem [151 Theorem 2, p. 440], there always exists a self-adjoint 
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extension B of the operator B in H with the norm Therefore the 

set Bh{B) is non-empty. There are the "minimal" element B^ and the 
"maximal" element B M in this set, such that Bh(B) coincides with the 
operator segment 

B^ < B < B M . (28) 

In the case = B M the set Bh{B) consists of a unique element. This case 
is said to be determinate. The case 7^ B AI is called indeterminate. 
The case B^x 7^ B M x, x G 7£\{0}, is said to be completely indeter- 
minate. The indeterminate case can be always reduced to the completely 
indeterminate. If TZq = {x G 1Z : B^x = B M x}, we may set 

B e x = Bx, x G V; B e x = B^x, x G K . (29) 

The sets of generalized sc-resolvents for B and for B e coincide ([16, p. 1039]). 
Elements of Bh(B) are canonical (i.e. inside H) extensions of B and their 
resolvents are said to be canonical sc-resolvents of B. On the other hand, 
elements of B^(B) for all possible H ^ H generate generalized sc-resolvents 
of B (here the space H is not fixed). The set of all generalized sc-resolvents 
we denote by 1Z C {B). Set 

C = B M - (30) 
Q^(z)= (c^R^+Eh)^ zGC\[-l,l], (31) 
where R% = {B» - zE u y x . 

An operator- valued function k{z) with values in [7Z] belongs to the class 
Zfo[-l,l]if 

1) k(z) is analytic in z G C\[— 1, 1] and 

V ' < 0, zGC: Imz/0; 
Im z 

2) For z G K\[— 1, 1], k(z) is a self-adjoint non-negative contraction. 

Notice that functions from the class R-r\— 1, 1] admit a special integral rep- 
resentation, see [To] . 



Theorem 3. ( \lb\ p. 1053]). Let B be a Hermitian contraction in a Hilbert 
space H with D(B) = V; 1Z = H Q V. Suppose that for B it takes place 
the completely indeterminate case and the corresponding operator C , as an 
operator in 1Z, has an inverse in [R] . Then the following equality: 

R C Z = R»- R^ch(z) (E n + (QJz) - E^kiz))- 1 C*R», (32) 
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where k(z) £ Rr\— 1, 1], i?§ £ 1Z C (B), establishes a bijective correspondence 
between the set Rn[—1, 1] and the set 1Z C (B). 

Moreover, the canonical resolvents correspond in A32\) to the constant 
functions k(z) = K, K £ [0, Eft]. 

Let A be an arbitrary non-negative symmetric operator in a Hilbert 
space H, D{A) = H. We are going to obtain a formula for the generalized 
II-resolvents of A, by virtue of Theorem [3j Set 

T = (E H -A)(E H +A)- 1 = -E H +2(E H +A)-\ D(T) = {A+E H )D(A). 

(33) 

Then 

A = (Eh-T^Eh+T)- 1 = -E H +2(E H +T)-\ D{A) = {T+E H )D(T). 

(34) 

The latter transformations were introduced and intensively studied by Krein |15| . 
The operator T is a Hermitian contraction in H. In fact, for an arbitrary 
h = (A + E H )f, f £ D(A) we may write 

\\Thf H = || {-E H + 2{E H + A)- 1 )^ + E H )ff H = \\ — Af + ff H 

= UfWl + \\f\\ 2 H ~ 2(Af, f) H < \\Aff H + \\ff H + 2(Af, f) H = \\hf H . 

Let A D A be a non-negative self-adjoint extension of A in a Hilbert space 
H D H. Then the operator 

f = (E 5 -A){E 5 +A)- 1 = -E H +2{E H +A)-\ D(f) = (A+E 5 )D(A), 

(35) 

is a self-adjoint contraction T D T in H, and 

A = (Eg-T^Eg+T)- 1 = -E s +2(E 5 +f)-\ D{A) = (T+E S )D(T). 

(36) 

Consider the following fractional linear transformation: 

z = — = -1 + 2— ; A = — = -1 + 2—. (37) 
1+A 1 + A 1+z 1+z K 1 

Choose an arbitrary z £ C\M and set A := j+|. Observe that A £ C\K. 
Then 

R z (f) = {f- zE H )- 1 = (-Eg + 2{E H + I)- 1 - \^Eg\ 
= ( K ^(E H +A)(E S +A)- 1 + 2(E H +A)-^ 
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2A „ 2 



- E s-rrx A )( E s + A r 1 



1 + A H 1 + A 



-i 



A + ' "A - XE S ) (E S + A)- 1 )' 1 = ~^(E 5 + A)(A - \E s )~ l 



2 \\ H J y H ' ) 2 

Therefore 

Applying the orthogonal projection on H, we get 

R ^ A ) = - 7TTm R ^ (r) - YX7^> VA G C \ R - ( 39 ) 
(A + l) z i+A A + 1 

Here R^(^4) is the generalized Il-resolvent corresponding to A, and R 2 (T) 
is the generalized sc-resolvent corresponding to T. Thus, an arbitrary gen- 
eralized Il-resolvent of A can be constructed by a generalized sc-resolvent 
of T by relation (f39l) . 

On the other hand, choose an arbitrary sc-resolvent R 2 (T) of T. It cor- 
responds to a self-adjoint contractive extension T 5 T in a Hilbert space 
H D iT. Observe that 

Ker( J E i? + T) i_ + f ) D R(E H + T) = D(A), 

and therefore Ker(£'&+T) _L ii". We may assume that ffi := Ker(£ , ^+r) = 
{0}, since in the opposite case one may consider the operator T restricted 
to H G H x D H. Then we set 

A = (Eq-T^Eq+T)- 1 = -E 5 +2(E 5 +T)-\ D{A) = (T+E S )D(T). 

(40) 

The operator A is densely defined since A D A, and it is self-adjoint. For 
an arbitrary u 6 D(T) we may write 

{A{T + E s )u, {f + E s )u) s = (-Tu + u,Tu + u) s = ||«||| - ||f«||| > 0. 

Thus, the operator A is non-negative. Observe that 

f=(E s - A) (Eg + A)' 1 = -E s + 2(E S + A)' 1 . (41) 
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Repeating the considerations after relation ()37|) . we obtain that 

(\ + l) z i+x A + 1 

gives a generalized II-resolvent of A (corresponding to A). 
Consequently, the relation ([39]) establishes a bijective correspondence be- 
tween the set of all sc-resolvents of T and the set of all II-resolvents of A. It 
is not hard to see that the canonical sc-resolvents are related to the canonical 
II-resolvents. 

They say that for the operator A it takes place a completely inde- 
terminate case, if for the corresponding operator T it takes place the 
completely indeterminate case |24| . 

It is known that all self-adjoint contractive extensions of T are extensions 
of the extended operator T e defined by ([29]) [16, Theorem 1.4]. Set 

A e = (Eh-T^Eh+Tz)- 1 = -E H +2(E H +T e )-\ D(A e ) = (T e +E H )D(T e ). 

(43) 

It is easily seen that the above operator A is an extension of A e . Therefore 
the sets of generalized II-resolvents for A and for A e coincide. 

Theorem 4. Let A be a non-negative symmetric operator in a Hilbert space 
H, D(A) = H . Suppose that for A it takes place the completely indetermi- 
nate case. Let T be given by T> = D(T), 1Z = H QT>. Suppose that the 
corresponding operator C = T M — T^, as an operator in 1Z, has an inverse 
in [1Z] . Then the following equality: 

K ^ A) = -ixhr R h-xh EH 

+ 7TXTV2<-* C ^ + (QmW " ^)k(A))- 1 C*B!i_ x , (44) 

(A+l) 2 T+X T+A 



where Q At (A) = [j^j , k(A) = (ttxJ G R n[-^A], establishes 

a bijective correspondence between the set Rr\— 1, 1] and the set of all gen- 
eralized U-resolvents of A. Here is defined by \31}) for T , Rz = (T^ — 
zEn)~ l , and Ra(j4) is a generalized U-resolvent of A. 

Moreover, the canonical resolvents correspond in fa44\ ) t° ^ e constant 
functions k(z) = K , K £ [0, En]. 



Proof. It follows directly from the preceding considerations, formula (j39j) 
and by applying Theorem [3] 

□ 
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Let the strong matrix Stieltjes moment problem be given and condi- 
tions (jJJ) hold. Consider an arbitrary Hilbert space H and a sequence of 
elements {x n }nez in H, such that relation © holds. Let A = Aq, where the 
operator Aq is defined by (fl~0|) . Denote Ljy = Linlx^}^^. Define a linear 
transformation G from onto L^y by the following relation: 

Gu k = x k , k = 0,l,...,N-l, (45) 

where u k = (5 , k , &i,k, %-i,fc)- 

Theorem 5. Let i/ie strong matrix Stieltjes moment problem (QP 6e given 
and conditions 6e satisfied. Let {x n } n& % be a sequence of elements of a 
Hilbert space H such that relation (3$ holds. Let A = Aq, where the operator 
Aq is defined by relation (TTOj). Let T = —Eh + 2(Eh + A)~ l . The following 
statements are true: 

1) LfT^ = T M , then the moment problem ([7]) has a unique solution. This 
solution is given by 

M (t) = (ro,>(t))f~Jo, rn jjn (t) = (E^ Xj ,x n ) H , < j, n < N - 1, 

(46) 

where {E^} is the left- continuous orthogonal resolution of unity of the 
operator A» = -E H + 2{E H + T^) -1 . 

2) LfT^ / T M , define the extended operator T e by K e = HQD(T e ), 

C = T M -T», andR% = (T»-zE H )-\ Q^ e (z) = (cvRgC*+Es 

z € C\[— 1, 1]. An arbitrary solution M(-) of the moment problem can 
be found by the Stieltjes- Perron inversion formula from the following 
relation 

1 -dM T (t) 



t 

= A(z) - C(zMz)(E ne + V{z)\t(z))- l B(z), (47) 

where k(A) = k (j^j > k(z) £ R-ji e [— 1,1], and on the right-hand 

side one means the matrix of the corresponding operator in C N . Here 
A(z),B(z),C(z),T>(z) are analytic operator-valued functions given by 

A{z) = -j-^G*R^G--^—G*G-. C N ^C N , (48) 
(A + l)^ i+x A + l 

B(z) = C^R^G : C N ^TZ e , (49) 

l+A 
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.1 



(A + l)^ — 



V{z) = Q^ e ( rr-^ )-En e : n e ^ Tl e . (51) 



1-A S 

Moreover, the correspondence between all solutions of the moment 
problem and k(z) £ Rn e [— 1,1] is bijective. 



Proof. Consider the case 1). In this case all self-adjoint contractions T 5 T 
in a Hilbert space H D H coincide on H with T**, see |16(. p. 1039]. Thus, 
the corresponding sc-spectral functions are spectral functions of the self- 
adjoint operator T^, as well. However, a self-adjoint operator has a unique 
(normalized) spectral function. Thus, a set of sc-spectral functions of T 
consists of a unique element. Therefore the set of Il-resolvents of A consists 
of a unique element, as well. This element is the spectral function of A^. 
Consider the case 2). By Theorem [3] and relation (]13p it follows that an 
arbitrary solution M(t) = (mj tn (t))j ~_1 of the moment problem JT]) can be 
found from the following relation: 

/ -—dmj, n (t) = (R z Xj,x n ) H , < j, n < N - 1; z £ 
Jr+ t — z 

where R 2 is a generalized II-resolvent of the operator A. Moreover, the 
correspondence between the set of all generalized Il-resolvents of A (which 
is equal to the set of all generalized Il-resolvents of A e ) and the set of all 
solutions of the moment problem is bijective. Notice that = Te and 
rpM _ rpM _ gy Theorem H] (applied to the operator A e ) we may rewrite the 
latter relation in the following form: 

[A-\-l) x+X 1+A J J H 

where k(A) = k k(z) G Q M , e (A) = Q M , e feY Then 



1+A 



*i2^C5k(A) (^ + (Q/i, e (A) - ^Jk(A))- 1 C^^g) . 

1+A 1+A J / C JV 

Introducing functions .A(;z), jB(z), C(z), V(z) by formulas PH]) - ([5T|) one easily 
obtains relation (H7|) . □ 
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Theorem 6. Let the strong matrix Stieltjes moment problem {TP be given 
and conditions ^ be satisfied. Let {x n } ng z be a sequence of elements of a 
Hilbert space H such that relation ^ holds. Let A = Aq, where the operator 
Aq is defined by relation [W\) . The moment problem is determinate if and 
only if T* 1 = T M , where T^,T M are the extremal extensions of the operator 
T = -E H + 2{E H + A)- 1 . 

Proof. The sufficiency follows from Statement 1 of Theorem[5j The necessity 
follows from Statement 2 of Theorem [5j if we take into account that the class 
Rfc e ([— 1, 1]), where dim7£ e > 0, has at least two different elements. In fact, 
from the definition of the class R-ji e ([— 1, 1]) it follows that k\{z) = 0, and 
h{z) = E Ue , belong to ^([-1, 1]). □ 

Example 3.1. Consider the moment problem (pQ) with N = 2 and 
Sn = | 3 rieZ. 




In this case we have 

r = (Si+j) i j = _ o0 = (7n,m) n 



where 



72fc,2/ — 72k+l,2J+l — 1) 72fc,2Z+l — 72k+l,22 — ~7r^> M G 

V 10 



Consider the space C 2 and elements uq,u\ £ C 2 : 

«o = ^(l,l), ui = -^(l,2). 

Set 

X2k = uo, x 2 k+i =ui, he Z. 

Then relation (jSJ) holds. Define by (|1Q|) the operator j4q- I n this case ^4 = 
j4o = S C 2. Therefore the operators A and T = —Eh + 2(£# + A)^ 1 are 
self-adjoint and have unique spectral functions. Hence, T M = T^, and by 
Theorem [6] we conclude that the moment problem has a unique solution. By 
Theorem [2] it has the following form 

M(A) = (m k ,j(X))kJ^o, m k j{\) = (E x x k ,Xj) H , 

where is the left-continuous spectral function of the operator Eg? . Con- 
sequently, the matrix function M(t) is equal to 0, for t < 1, and M(t) = 

( l_ \'" |- lor / > I- 
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The strong matrix Stieltjes moment problem. 

A.E. Choque Rivero, S.M. Zagorodnyuk 

In this paper we study the strong matrix Stieltjes moment problem. We 
obtain necessary and sufficient conditions for its solvability. An analytic 
description of all solutions of the moment problem is derived. Necessary 
and sufficient conditions for the determinateness of the moment problem 
are given. 
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